We studied the scattering problem of two atoms with unequal mass, where one atom (atom α) is trapped in a quasi-one-dimensional (quasi-1D) tube and the other one (atom β) is localized by a 3D harmonic trap. We show that in such a system if atom α is much heavier than β, confinementinduced resonance (CIR) can appear when the 3D scattering length as of these two atoms is much smaller than the characteristic lengths (CLs) of the confinements, for either as > 0 or as < 0. This is quite different from the usual CIRs which occurs only when as is comparable with the CL of confinement. Moreover, the CIRs we find are broad enough that can serve as a tool for the control of effective inter-atomic interaction. We further show the mechanism of these CIRs via the Born-Oppenheimer approximation. Our results can be used for the realization of stronglyinteracting systems with ultracold atoms with weak 3D background interaction (i.e., small as), e.g., the realization of ultracold gases with strong spin-dependent interaction at zero magnetic field.
I. INTRODUCTION
One important advantage of the quantum simulation with ultracold atomic gases is that in such a system the inter-atomic interaction can be efficiently controlled. The most widely-used technique for this control is magnetic Feshbach resonance (MFR) [1, 2] . In addition, the confinement-induced resonance (CIR) is also a powerful tool, with which one can tune the interaction between trapped ultracold atoms by changing the geometric parameters of the confinements [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] .
In most cases, when a CIR occurs the characteristic length (CL) of the confinement should be comparable with the scattering length a s of the two atoms in threedimensional (3D) free space. For instance, as shown by M. Olshanii, the CIR condition for two atoms in a quasi-1D tube with a CL a ⊥ is a ⊥ /a s ≈ 1.4603 · · · [3] . It makes sense because a "resonance" usually appears when the values of several characteristic parameters of the system are similar with each other. Nevertheless, for the optical confinements realized in current experiments, the CLs are usually larger than 1000a 0 with a 0 being the Bohr's radius, while for almost all kinds of cold atoms |a s | is below (or about) 200a 0 in the absence of magnetic field (B = 0). As a result, to realize a CIR one has to resort to the MFR to enhance the value of a s . So far the only exception is the CIR of 173 Yb atoms featured by an extremely large background scattering length (about 2000a 0 ) [13] .
Therefore, it is natural to ask if the above limitation can be broken or not. Specifically, can an "exotic" CIR which satisfies the following two conditions be realized ?
(i) The CIR can occur when the CLs of the confinements are much larger than the scattering length * rine.zhang@gmail.com † pengzhang@ruc.edu.cn |a s |.
(ii) The CIR is broad enough so that it can be used as an efficient tool for the control of effective interaction between ultracold atoms.
Various interesting phenomena may benefit from such an "exotic" CIR. For instance, this CIR can occur at zero magnetic field (B = 0), for which different atomic hyperfine states are degenerate, and thus the inelastic scattering processes between hyperfine spin channels are energetically permitted [14, 15] . Using this CIR one can control these processes and then realize systems with strong inter-atomic spin-spin interaction, e.g., the spinexchange interaction, which are important for the quantum simulation of the Kondo effect or other magnetic effects [16] [17] [18] [19] [20] [21] [22] [23] . Notice that these spin-spin interactions cannot be controlled via an usual MFR because the inelastic scattering processes are energetically suppressed by the Zeeman-energy gap between different hyperfine channels, which is induced by the magnetic field applied to induce the MFR [24] . In addition, such an "exotic" CIR can be realized without the help of magnetic field. Thus, the magnetic field can be reserved for purposes other than the control of inter-atomic interaction, e.g., the trapping of atoms in atom chip [25] . Moreover, since this CIR can occur for small 3D scattering length a s , as shown below, the collisional losses may be suppressed. In previous researches it has been demonstrated that for the ultracold gases with negative 3D scattering length a s (i.e., a s < 0), an "exotic" CIR which satisfies the conditions (i) and (ii) can be realized in two cases, i.e., the scattering between two atoms in a 3D isotropic square optical lattice [9] [10] [11] , and the scattering between a heavy atom freely moving in the 3D space and a light atom localized in a 3D harmonic trap [12] . Nevertheless, for most species of ultracold atoms in current experiments we have a s > 0 for B = 0. To our knowledge, the "exotic" CIR which can occur for both a s > 0 and a s < 0 has not been discovered before.
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In this manuscript, we propose that such an "exotic" CIR can be realized for a mixed-dimensional ultracold gas with either positive or negative 3D scattering length a s . Explicitly, we consider the scattering between an atom (atom α) moving in a quasi-1D confinement and another atom (atom β) localized in a 3D harmonic trap, and thus behaves as a quasi-0D impurity (Fig. 1) . We find that in such an "quasi-(1+0)D" system a CIR which satisfies all the two conditions (i) and (ii) can occur when atom α is much heavier than the atom β, for either a s > 0 or a s < 0.
We further explain the mechanism of the "exotic" CIRs in our system with an analysis based on the BornOppenheimer approximation (BOA). Explicitly, we find that the "exotic" CIR of our system mainly results from both of the following two facts: (A): As specified by the BOA, the heavy atom α can experience an effective 1D finite-range potential V eff (z α ) along the axial direction of the quasi-1D confinement (the z-direction), which is indued by the light atom β. In addition, for the cases with small |a s |, V eff (z α ) is proportional to the intensity of the 3D Huang-Yang pseudo potential between the atoms α and β, i.e., a s /µ, with µ being the reduced mass of these two atoms. Thus, for a system with given mass of atom α, when the atom β is very light, i.e., α is much heavier than β, the reduced mass µ becomes very small. As a result, although |a s | is small, the effective potential V eff (z α ) for atom α can still be strong.
(B) When a s > 0, V eff (z α ) is a 1D finite-range purelyrepulsive potential, i.e., a 1D potential barrier. Intuitively speaking, there should be no resonance in such a system, because there is no bound state. However, we show that a low-energy scattering resonance can still appear when the height of V eff takes some certain values. We also illustrate this effect with an analytically-solvable 1D square-barrier model. As a result of this effect, when one tune V eff via the CLs of the confinements, an CIR can be induced. On the other hand, when a s < 0, V eff (z α ) is a 1D attractive potential well with the depth being dependent on the CLs of the confinements. Thus, it is quite natural that a CIR can be induced when one tune the depth of V eff (z α ) to some certain value by changing the CLs of the confinements.
Our results are helpful for realizing strong effective inter-atomic interaction of ultracold atoms in an quasi-1D confinement with localized impurities, which can be either spin-dependent or spin-independent. Such a system can be used for the study of Kondo physics [19] [20] [21] [26] [27] [28] , quantum open system [29] and precision measurement [30, 31] . In addition, our result also show the existence of the broad CIRs for small positive 3D scattering length, and thus implies the possibility of finding such CIRs in more other confinements.
The remainder of this manuscript is organized as follows. In Sec. II we solve the quasi-(1+0)D scattering problem of two atoms with unequal mass and show the appearance of the "exotic" CIRs. In Sec. III we explain Atoms α and β are simultaneously confined in a quasi-1D tube which is described by a 2D isotropic harmonic potential with frequency ω ⊥ in the x-y plane. Atom β is further trapped by an external harmonic trap along the z-direction, with frequency ωz.
our result with an analysis based on the BOA. In particular, we show that in the 1D cases a low-energy scattering resonance can be induced by a purely-repulsive potential barrier. A summary of our results is given in Sec. IV. In the appendix we show some details of our calculation.
II. "EXOTIC" CIR IN QUASI-(1+0)D SYSTEM
In this section we first introduce the quasi-(1+0)D system studied in this work, and then give the definition of CIR for our system. After that we illustrate our numerical results which show that "exotic" CIRs, which satisfy the conditions (i) and (ii) in Sec. I, can appear in our system, for either a s < 0 or a s > 0.
A. System and Hamiltonian
As shown in Fig. 1 , we consider the two-body problem with a heavy atom α and a light atom β. The atom α is moving in a quasi-1D confinement along the z-direction (axial direction) which is described as a 2D isotropic harmonic potential with frequency ω ⊥ in the x − y plane (transverse plane), and atom β is trapped in a 3D harmonic potential with frequencies ω xy and ω z in the x − y plane and z-direction, respectively. For simplicity, here we assume the confinements of atoms α and β have the same transverse frequencies, i.e., ω xy = ω ⊥ . Our results can be directly generalized to case with ω xy = ω ⊥ .
As a result of the above assumption ω xy = ω ⊥ , the transverse relative motion of these two atoms can be decoupled from their center-of-mass motion. Thus, in the two-body problem we can ignore the center-of-mass motion in the x-and y-directions. Therefore, the Hamiltonian for this system is
Here H 0 is the free Hamiltonian and can be expressed as
where
is the free Hamiltonian for the transverse relative motion of the two atoms, with µ and ρ being the reduced mass and the relative position of these two atoms in the x − y plane, respectively. In Eq. (2),
and
are the Hamiltonian for the motion of the atoms α and β in the z-direction, respectively, with m α(β) and z α(β) being the mass and z-coordiante of the atom α (β), respectively. In the manuscript, we will focus on the case that
On the other hand, in Eq. (1) V is the interaction potential between the two atoms, and is modeled with the Huang-Yang pseudo potential, i.e.,
with a s being the 3D scattering length of these two atoms and r = ρ + (z α − z β )e z being the 3D relative position vector of the two atoms. Here e z is the unit vector along the z-direction.
B. Low-energy scattering and CIR
In this manuscript we consider the low-energy scattering between atoms α and β which are in the ground state φ ⊥ (ρ) of H ⊥ and the ground state φ z (z β ) of H (β) z , respectively. Thus, the incident state for the scattering problem can be expressed as
with k being the incident momentum of the atom α. We consider the low-energy case where the incident kinetic energy of atom α is much lower than the frequencies of the transverse and axial confinements, i.e.,
Hence, the corresponding scattering state Ψ (+) (ρ, z α , z β ) is determined by the Schrödinger equation
and the out-going boundary condition
where f (e) (k) and f (o) (k) are the effective 1D scattering amplitudes for the even and odd partial waves, respectively, and can be expressed as
in the low-energy limit.
Here a e and a o are the even and odd wave 1D scattering lengths, respectively. They are functions of the 3D scattering length a s as well as the CLs a ⊥ and a z of the confinement, which are defined as
In other words, we have
Furthermore, when the confinement CLs a ⊥ and a z take some particular values, we may have
and thus the low-energy even-wave scattering amplitude f (e) (k) can be maximally enhanced, i.e., |f (e) (k)| ≈ 1. This is called as the even-wave CIR. Similarly, we may have a o = ∞ for some other particular values of a ⊥ and a z . As a result, the odd-wave scattering amplitude
. This is called as the odd-wave CIR [32] .
In many practical cases, if the system is not in the region of an odd-wave CIR, one can neglect the oddwave scattering amplitude f o (k). In this work we only consider these cases and focus on the even-wave CIRs.
The physical meaning of the even-wave CIRs of our cases (i.e., the cases where the odd-wave scattering can be neglected) can also be understood as follows. In the low-energy case, when the two atoms are far away from each other the transverse motion of the two atoms and the axial motion of the atom β are frozen in the ground state of the corresponding confinements. As a result, our system system can be described by a simple pure-1D effective model for the axial motion of atom α, with the effective Hamiltonian [33] with δ(z) being the Dirac delta function. Namely, the influence of the atom β on the atom α is described by the effective delta-potential g (even) δ(z α ). The intensity g (even) of this the effective potential is related to the their corresponding 1D scattering length via
A straightforward calculation shows that the effective potential V (eff) (z α ) can reproduce the low-energy evenwave scattering amplitudes given by the exact "quasi1D+quasi-0D" Hamiltonian H, i.e., f (e) (k) given by Eqs. (12) , and the odd-wave scattering amplitude given by this effective potential is zero. It is clear that when an even-wave CIR occurs (i.e., a e = 0), the corresponding effective interaction intensity g (even) would be enhanced to infinity. In addition, when the system is in the region around a CIR point, one can control g (even) by changing the confinement CLs a ⊥ and a z .
C. The "exotic" even-wave CIRs
Now we study the even-wave CIRs of our system. To this end, we should calculate the even-wave scattering length a e or the effective interaction intensity g (even) defined in Eq. (18) . We adopt the theoretical approach in our previous work where CIRs for cases with m α = m β are studied [21] . The details of this method is presented in Appendix A.
In Fig. 2 we show g (even) as a function of a ⊥ /a s , for the cases with different mass ratio m α /m β , with a z /a ⊥ = 1 ( Fig. 2(a-d) ) and a z /a ⊥ = 1.5 ( Fig. 2(e-h) ). It is clearly shown that in each case multiple CIRs can appear for either a s > 0 or a s < 0. As pointed out in our previous work, that is due to the coupling between the relative and center-of-mass of the two atoms in the z-direction [12, 20, 21, 34, 35] .
Furthermore, the two broadest CIRs are located at the higher and lower ends of a ⊥ /a s , which are denoted as CIR (R) even and CIR (L) even in Fig. 2 , respectively. More importantly, as shown in Fig. 2 , when the mass ratio m α /m β is increased, the broad CIRs even can occur when the confinement CLs a z and a ⊥ are much larger than |a s | for a s > 0 and a s < 0, respectively. Namely the condition (i) in Sec. I can be satisfied by these two CIRs.
Now we study the broadness of the CIR
even and CIR (L) even . We first consider CIR (L) even which occurs for a s < 0. As illustrated in Fig. 2 (h) , we define the width W L of this CIR as the distance between the position of CIR (L) even and the nearest zero-crossing point of g (even) . even appears when a ⊥ /a s = s L ). Thus, it is clear that one can control the effective interaction intensity g (even) by tuning a ⊥ in the region between (s L − W L )a s and (s L + W L )a s . In Fig. 4 we show the width W L as a function of the mass ratio m α /m β for the cases with a z /a ⊥ = 1 and a z /a ⊥ = 1.5. It is shown that W L increases with m α /m β . Explicitly, for the cases with a z /a ⊥ = 1.5, when m α /m β 8 we have W L 3 (Fig. 4) and |s L | 10 ( Fig. 3(b) ). This result implies that one can tune g (even) via changing a ⊥ in the region between 0.7l * and 1.3l * , where l * = |s L a s | is the value of a ⊥ at the point of CIR with I ⊥ being the intensity of the laser beam which creates the 1D tube, we know that to tune g (even) one require to vary I ⊥ in the region between ∼ 0.24I * and ∼ 2.86I * , with I * being the laser intensity corresponding to a ⊥ = l * . This region is large enough for the current experiments and the fine-tuning of laser intensity is not required. Therefore, CIR (L) even is broad enough for the experimental control. On the other hand, as shown in Fig. 2 , the CIR (R) even which occurs for a s > 0 is apparently broader than CIR (L) even , than thus is also broad enough. Here we also point out that, as shown in Fig. 2 , using CIR (R) even one can realize strong attractive or repulsive effective interaction between the two atoms, even if 3D scattering length a s is very small. Nevertheless, it is difficult to 
III. ANALYSIS BASED ON THE BOA
In the above section we show that for our quasi-(1+0)D system CIRs can appear when the 3D scattering length is much smaller than the confinement CLs. In this section we qualitatively explain the appearance of these "exotic CIRs" with an analysis based on the BOA.
As shown above, for our system the atom α is much heavier than the atom β, i.e., m α m β . Therefore, the mass of atom α is also much larger than the reduced mass µ of the two atoms, which is the effective mass of the two-atom relative motion. Consequently, both of the coordinate z β of the atom β and the transverse coordinate ρ of the two-atom relative motion are the "fast variable" of our system, while the coordinate z α of atom α is the only "slow variable". Therefore, in the spirit of BOA, the axial motion of atom α is governed by an effective 1D Hamiltonian
Here the effective potential V eff (z α ) is the energy of fast variables for a fixed axial position z α of the atom α, i.e., the ground-state energy of the Hamiltonian H ⊥ +H β z +V with z α being an classical parameter (c-number). Furthermore, since the 3D scattering length a s is very small, i.e., the bare interaction V (r) in Eq. (7) is very weak, we can treat V (r) as a first-order perturbation in the calcu- lation of V eff (z α ). A straightforward calculation yields
We first consider the case with a s < 0. Eq. (20) shows that in this case V eff (z α ) is a 1D finite-range potential well which is determined by the confinement CLs {a z , a ⊥ }, as well as the factor a s /µ. Therefore, no matter how small is the 3D scattering length a s , if the reduced mass µ is small enough (i.e., the mass ratio m α /m β is large enough), the factor |a s |/µ can always be large enough. Namely, the potential well V eff (z α ) can always be deep enough so that the 1D even-wave scattering resonance can appear (i.e., the even-wave scattering length can become zero). Thus, as shown in Fig. 2 and Fig. 3(b) , when m α /m β becomes larger, the CIRs can occur for smaller a s . On the other hand, when the ratio a s /µ is fixed, the shape of V eff (z α ) still changes with a ⊥ and a z . A resonance can be induced when these two parameters are tuned to some particular values.
For the case with a s > 0, the effective potential V eff (z α ) given by Eq. (20) is always positive. I.e., V eff (z α ) is a potential barrier. In this case the appearance of the resonance seems to be counter-intuitive. Nevertheless, in practice, for 1D scattering a zero-energy even-wave resonance really can occur for a potential barrier which is always positive. As an example, we consider the scattering of a particle on a square potential barrier in the z-axis, as shown in Fig. 5(a) . The Hamiltonian of this system is
with W (z) = g 0 for |z| ≤ b/2 and W (z) = 0 for |z| > b/2 (b > 0) ( Fig. 5(a) ). A direct calculation show that the even-wave scattering length a toy for this toy model is
In Fig. 5(b) , a toy is shown as a function of the width b and the height g 0 of the potential. Eq. (22) yields that we have a toy = 0 when g 0 ≈ 2.9 2 /(mb 2 ). An even-wave resonance can occur under this condition.
Therefore, similar as in the case of a s < 0, when a s > 0 a even-wave CIR can always appear when the mass ratio m α /m β is so large that the intensity a s /µ of V eff (z α ) is strong enough and the confinement CLs a z and a ⊥ are tuned to some particular values, no matter how small is a s itself.
To conclude, the above analysis show that the "exotic CIRs" of our system mainly result from the following two facts. First, the effective potential V eff (z α ) depends on the ratio a/µ, which is essentially because the HuangYang pseudo potential V is proportional to a/µ. Second, an even-wave resonance can always occur for a finiterange 1D potential, no matter if it is an potential well or a potential barrier.
IV. SUMMARY
In this work we study the low-energy scattering between the atom α moving in a quasi-1D confinement and the localized atom β. We show that when m α m β two "exotic" CIRs can appear even if the 3D inter-atomic scattering length a s is much smaller than the CLs of the confinements, for either a s > 0 or a s < 0. With these two CIRs one can realize strong effective inter-atomic interaction even if the 3D background interaction between these two atoms is very weak, and thus realize a stronglyinteracting impurity system without the help of MFR. So far the mixture of ultracold atoms with different masses has been realized by many experimental groups, e.g, the mixtures of 173(4) Yb- [38] [39] [40] . Our proposal is very hopefully to be realized in these experimental systems.
In the future works we will try to find this kind of "exotic" CIRs, which can appear for small a s and is broad enough for experimental control, in more types of confinements. As shown in Sec. I, they could be very useful for quantum simulations and precision measurements, especially the ones which are based on spin-dependent interatomic interaction and should be performed at very low magnetic field or B = 0.
